We develop efficient algorithms for level-truncation computations in open bosonic string field theory. We determine the classical action in the universal subspace to level (18, 54) and apply this knowledge to numerical evaluations of the tachyon condensate string field. We obtain two main sets of results. First, we directly compute the solutions up to level L = 18 by extremizing the level-truncated action. Second, we obtain predictions for the solutions for L > 18 from an extrapolation to higher levels of the functional form of the tachyon effective action. We find that the energy of the stable vacuum overshoots -1 (in units of the brane tension) at L = 14, reaches a minimum E min = −1.00063 at L ∼ 28 and approaches with spectacular accuracy the predicted answer of -1 as L → ∞. Our data are entirely consistent with the recent perturbative analysis of Taylor and strongly support the idea that level-truncation is a convergent approximation scheme. We also check systematically that our numerical solution, which obeys the Siegel gauge condition, actually satisfies the full gauge-invariant equations of motion. Finally we investigate the presence of analytic patterns in the coefficients of the tachyon string field, which we are able to reliably estimate in the L → ∞ limit.
Introduction and Summary
The realization that D-branes are solitons of the open string tachyon [1, 2] has triggered a revival of interest in open string field theory. Much work has focused on the search for classical solutions of cubic bosonic open string field theory [3] (OSFT). Despite important technical progress in the understanding of the open string star product -notably the discovery of star algebra projectors [4, 5] and of new connections with non-commutative field theory [6, 7, 8, 9 ] -analytic classical solutions of OSFT are still missing 1 .
Fortunately, the OSFT equations of motion can be solved numerically in the 'level-truncation' scheme invented by Kostelecky and Samuel [17] . The open string field is restricted to modes with an L 0 eigenvalue smaller than a prescribed maximum 'level' L. For any finite L, the truncated OSFT action contains a finite number of fields and numerical computations are possible. Remarkably, numerical results [17] - [37] for various classical solutions appear to converge rapidly to the expected answers as the level L is increased. Much of our present intuition about the classical dynamics of OSFT comes from the level truncation scheme, and in fact even in vacuum string field theory [10, 11] several exact results were first guessed based on numerical data. This motivated us to develop efficient algorithms for level-truncation calculations. Our main technical innovations are the systematic use of conservation laws [4] to compute the cubic vertices, and the implementation of our algorithms on a C++ code. In this paper we apply these methods to the evaluation of the classical action in the universal subspace [2, 4] , which is the space of string fields generated by ghost oscillators and matter Virasoro generators acting on the vacuum. Using conservation laws we determine the classical action directly in the universal basis in a recursive way, with an algorithm whose complexity is linear in the number of vertices (cubic in the number of fields). Some details about the numerical algorithms can be found in appendix A of the paper. The gain in efficiency of our methods is of several orders of magnitude, and we are able to obtain the 10 10 universal cubic vertices at level (18, 54) .
The universal subspace has special physical significance because it contains the tachyon condensate string field, the solution of OSFT corresponding to the stable vacuum of the open string tachyon. Its (negative) energy per unit volume must exactly cancel the D-brane tension. Sen and Zwiebach's computation [18] of the tachyon condensate up to level (4, 8) gave the first evidence that OSFT reproduces the correct D-brane physics. Moeller and Taylor [20] pushed the computation to level (10, 20) finding that 99.91% of the D-brane tension is cancelled in 1 Exact results have been obtained in vacuum string field theory [10, 11] (VSFT), see e.g. [5, 12, 13, 14, 15] . VSFT is the version of open string field theory which appears to describe the stable tachyon vacuum. In VSFT the BRST operator is replaced by a purely ghost insertion at the string midpoint and the equations of motion take the exactly solvable form of projector equations (with an auxiliary 'twisted' ghost system [11] ). It would nevertheless be extremely desirable to solve analytically the original OSFT equations. See e.g. [16] for some formal attempts. Table 1 : Values of the vacuum energy in level-truncation, in the (L, 3L) and (L, 2L) approximation schemes.
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the tachyon vacuum. Given such a remarkable agreement, it may appear quite pointless to extend their results to higher level. Not so. Up to level 10, the individual coefficients of the string field appear to converge much less rapidly than the value of the action. A more precise determination of the coefficients is likely to provide clues for an exact solution. Indeed various surprising patterns obeyed by OSFT solutions were 'experimentally' observed in [37] , but more accurate results are needed to decide which of these patterns are likely to be exact and which ones only approximate. Higher level computations can also be expected to shed light on the nature of the level truncation procedure itself, which still lacks a sound theoretical justification.
Our first main set of results (described in section 3) is the computation of the Siegel gauge tachyon condensate in level-truncation up to L = 18. The procedure is the standard one: at any given level L, there are N L scalar fields that obey the Siegel condition, and we determine their vev's by solving the N L equations of motion implied by the gauge-fixed action. There is a potential subtlety here: the full equations of motion before gauge-fixing impose a bigger number of constraints [29] (the extra conditions simply enforce extremality of the action along gauge orbits). Consistency demands that the full set of equations of motion is satisfied as L → ∞, and we systematically check that this indeed happens, with remarkable accuracy. As another consistency check, we verify that the tachyon condensate obeys the quadratic relations analytically derived by Schnabl [38] , and we again find excellent agreement.
The values of the vacuum energy as a function of L are shown in Table 1 . Unexpectedly, at L = 14 the energy overshoots the predicted answer of -1 and appears to further decrease at higher levels. As a first reaction, one may wonder whether the level-truncation procedure is breaking down for L > 10, as could happen if the approximation was only asymptotic. In this pessimistic scenario, for any OSFT observable there would be a maximum level that gives the estimate closest to the 'exact' value, and beyond this optimal level the procedure would stop converging. However, the data favor a smooth behavior as L increases, since the differences between consecutive approximations are getting smaller.
The results in Table 1 may simply indicate that the approach of the energy to -1 as L → ∞ is non-monotonic, contrary to previous naive expectations. Indeed, Taylor has recently presented convincing evidence [39] for this benign interpretation of our results. 2 He applies a clever extrapolation technique to level-truncation data for L ≤ 10 to estimate the vacuum energies even for L > 10. This procedure reproduces quite accurately our exact values in Table 1 and further predicts that the vacuum energy reaches a minimum for L ∼ 28, but then turns back to approach asymptotically -1 for L → ∞. In sections 4 we introduce our second main set of results. We devise an extrapolation technique in the same spirit of Taylor's analysis. We consider the effective tachyon potential V L (T ) around the unstable vacuum, obtained by classically integrating out all the higher scalars up to level L. V L (T ) is computed 'non-perturbatively' by fixing the value of T and solving
41. Table 2 : Parameters of the curves E (M ) (L) (in the (L, 3L) scheme). The energy reaches its minimum E min for L = L min , and tends asymptotically to E ∞ as L → ∞.
numerically the equations of motion for the other scalars 3 . We are able to obtain
However the functional dependence on T contains more information than just the extremal value E L . The idea is to perform an extrapolation in L of the whole functions in T . In practice, we consider a finite interval of values of T around the non-perturbative minimum. For a fixed T in this interval we interpolate our data for V L (T ) with a polynomial in 1/L, and then extrapolate this polynomial to higher levels. To check the stability of this approximation scheme, we vary the maximum level M of the set of data used as input for the extrapolation: for each M ≤ 16, we apply the extrapolation to the functions
for the tachyon vev and for the corresponding vacuum energy E (M ) L , for any L > M . The predicted power of the method is quite impressive. For example, with M = 10, that is using only level-truncation results up to level 10, the estimate T (10) 18 reproduces with an accuracy of 10 −5 the exact tachyon vev T 18 , obtained by straightforward level-truncation at L = 18. This is remarkable, since the former computation is over a thousand times faster than the latter. Figure 1 and Table 2 summarize the extrapolations of the energy as a function of level, for various values of M . The data completely confirm (with enhanced precision) the conclusions of Taylor [39] . The behavior of the energy as a function of level is non-monotonic, but eventually the asymptotic limit of -1 is reached with spectacular accuracy.
These results greatly reassure us of the validity of the level-truncation scheme. Observables in OSFT have a smooth limit as L → ∞, which (in the absence of an alternative definition) should be identified with their 'exact' value. In all cases where an independent prediction for the observable is available (as for the vacuum energy, or for Schnabl's quadratic identities), the L → ∞ extrapolation gives the correct answer.
A practical lesson of this analysis is that polynomial interpolations in 1/L have great predictive power, at least for the (L, 3L) approximation scheme 4 . This observation makes the level-truncation scheme much more efficient, as reliable estimates can be extracted from (relatively) painless numerical work.
In section 5 we describe the results for the individual coefficients of the tachyon string field extrapolated to L = ∞. The main conclusions are:
• The asymptotic value of the tachyon vev is T ∞ ≃ 0.5405, ruling out the conjecture [29] for an exact value T HS = √ 3/π ∼ = 0.5513.
• The conjectured universality [37] of certain ghost coefficients seems to be somewhat problematic in view of our data. While most coefficients come strikingly close to the conjectured values, the coefficient of c −1 |0 deviates by 2% from the expected answer. Our predictions for the L = ∞ string field are likely to have a smaller error.
• The 'quasi-pattern' observed in [37] of an approximate factorization of L 0 T Siegel , where T Siegel is the Siegel-gauge tachyon condensate, gets worse in our L = ∞ extrapolations. So this is definitely not an exact property.
• The correspondence between OSFT equations of motion in Siegel gauge and a certain equation for ghost number zero string fields [37] is still rather well obeyed, but does not improve in the L = ∞ extrapolations. This is likely an approximate pattern, as already suspected in [37] .
We hope that our accurate data will stimulate new imaginative approaches to the problem of finding an exact solution. In the near future it will be possible to extract from our results new information about the kinetic term around the tachyon vacuum. It will also be straightforward to extend the methods of this paper to the computation of more general classical solutions of OSFT, which should provide more analytic clues.
A more complete set of numerical data that it is practical to reproduce here (coefficients at higher levels, more significant figures etc.) will be be made available on-line [40] .
To make this paper self-contained, we begin in the next section with a review of some basics.
OSFT and the Universal Tachyon Condensate
In this section we describe the basic setup for classical equations of motion in OSFT, with an emphasis on the symmetries obeyed by the tachyon condensate string field in Siegel gauge. While none of the results presented in this section are really new, we take the opportunity to spell out some facts -in particular our summary equation (2.13) -that are not widely known.
action. By contrast, in the (L, 2L) scheme one keeps only the cubic terms in the action whose total level is ≤ 2L. As discussed in section (4.3), (L, 3L) results display a much smoother dependence on L.
The Tachyon Condensate
The action of OSFT takes the well-known (deceptively) simple form [3] 
This action describes the worldvolume dynamics of a D-brane specified by some Boundary CFT. The string field Ψ belongs to the full matter+ghost state-space of this BCFT. In classical OSFT, Ψ has ghost number one 5 . According to Sen's conjecture [1] , the classical OSFT eom's
must admit a Poincaré invariant solution Ψ ≡ T corresponding to the condensation of the open string tachyon to the vacuum with no D-branes. The tachyon potential V(Ψ) is given by [2] V(Ψ)
where M is the brane mass. The normalized potential f (Ψ) is expected to equal minus one at the tachyon vacuum,
Universality
A basic property of the tachyon condensate string field T is universality [2] ,
where
with L m k denoting the matter Virasoro generators. The universal space is further decomposed into a direct sum of spaces with definite ghost number
The restriction of the classical action to H univ can be evaluated using purely combinatorial algorithms that only involve the ghosts and the matter Virasoro algebra with c = 26 [2, 4] . It follows that the form of T does not depend on any of the details of the BCFT that defines the D-brane background before condensation.
Twist
An obvious symmetry of the tachyon condensate is twist symmetry. The OSFT equations of motion admit a consistent truncation to twist even string fields [41] , and indeed the tachyon condensate solution turns out to be twist even. In H
univ , twist is defined simply as (−1) L 0 +1 , so T contains only states with even level L ≡ L 0 + 1.
Siegel gauge and SU(1,1)
The Siegel gauge condition b 0 Ψ = 0 is particularly natural in level truncation since it is easily imposed level by level by simply omitting all Fock states containing the ghost zero mode c 0 .
The Siegel gauge-fixed equations of motion
admit a consistent truncation to the subspace of string fields which are singlets of SU(1,1) [42] . The SU(1,1) symmetry in question is generated by
and the singlet subspace is defined as
Notice that acting on Siegel states G is just ghost number shifted by one unit, so all states in H singl have ghost number one. To show consistent truncation of equations (2.8) to the singlet subspace, we need to prove that if Ψ ∈ H singl , then b 0 (Ψ * Ψ) ∈ H singl , so that all components of Ψ outside H singl can be consistently set to zero. A simple argument is as follows. The generator X is a derivation of the * -algebra 6 , and commutes with b 0 . Hence if XΨ = 0, X b 0 (Ψ * Ψ) = 0. Clearly G is also zero on b 0 (Ψ * Ψ), since ghost number adds under * -product. By the structure of the finite-dimensional 7 representations of SU(1,1), a vector with zero G and X eigenvalues must also have zero Y eigenvalue, that is, b 0 (Ψ * Ψ) ∈ H singl , as desired.
The SU(1,1) singlet subspace has a simple characterization in terms of the Virasoro generators of the 'twisted' ghost conformal field theory of central charge
It is enough to notice that −2X = {QB, c0}, see (2.16) below. Both QB and c0 are derivations [4] , and (anti)commutators of (graded) derivations are derivations. On the other hand, the generator Y is not a derivation. 7 Since SU(1,1) commutes with L0, we can run the argument in the subspaces of Huniv with given L0, which are finite-dimensional. 8 A proof of the equivalence of definitions (2.10) and (2.11) for H singl can be found in [43] , section 3. where
The statement that
summarizes all the known linear symmetries of the Siegel gauge tachyon condensate. Other exact constraints (quadratic identities [38] ) are considered in section 3.3.
Level-Truncation and Gauge Invariance
We measure the level L of a Fock state with reference to the zero momentum tachyon c 1 |0 , which we define to be level zero, in other terms L ≡ L 0 +1. As usual, the level truncation approximation (L, N ) is obtained by truncating the string field to level L, and keeping interactions terms in the OSFT action up to total level N , with 2L ≤ N ≤ 3L. In our numerical work we have systematically explored both the (L, 2L) scheme, which is (naively) the most efficient, and the (L, 3L) scheme, which is the most natural. In section 4.3 we discuss some empirical differences between these two schemes.
The most economic representation of T Siegel is using the basis (2.13), but unfortunately we have not found a simple algorithm to perform computations within the SU(1,1) singlet subspace 9 . We shall work instead with the universal basis (2.6) using fermionic ghost oscillators. In this basis, the number N L of modes in T Siegel truncated at level L (with L an even integer) is given by
where M l,g denotes the number of Siegel Fock states in H univ with level l and ghost number g. 9 The twisted ghost Virasoro's L ′g n do not have simple conservation laws on the cubic vertex.
M l,g which is computed by the generating function
The Siegel gauge-fixed eom's (2.8) truncated at level L are a system of N L equations in N L unknowns. As we discuss in appendix A, the solution can be found very efficiently using the Newton method. By construction the resulting string field T L Siegel solves the truncated Siegel gauge eom's with extremely good accuracy. However the full gauge invariant eom's (2.2) impose an extra set of constraints on the solution. Recall that the BRST operator can be written as
The extra conditions on a Siegel string field are then Table 3 shows the numbers
The role of equation (2.18) is simply to enforce extremality of the solution along gauge orbits. However, in principle there could be an issue about the non-perturbative validity of the Siegel gauge condition (are gauge orbits non-degenerate at the non-perturbative Siegel gauge vacuum? [35] ). Moreover, the level truncation procedure explicitly breaks gauge invariance, which is formally recovered only as L → ∞. Thus equation (2.18) gives an independent set of constraints which are not a priori satisfied by the level-truncated solution. If Siegel gauge is a consistent gauge choice and if gauge invariance is truly recovered in the infinite level limit, then we expect (2.18) to hold asymptotically as L → ∞. This is a very non-trivial consistency requirement on T L Siegel . Numerical evidence for this is examined in section 3.2.
The Level-Truncated Tachyon Condensate
Using the numerical methods outlined in appendix A, we have determined T Siegel up to L = 18, both in the (L, 2L) and in the (L, 3L) schemes. (L, 3L) results appear to be better behaved (we 
0.545608 0.545075 0.544637 0.544272
0.035225 0.035402 0.035535 0.035640 Table 4 : (L, 3L) level-truncation results for the lowest modes of T Siegel .
come back back to this point in section 4.3), and in this section we only consider this scheme. It is clearly impossible to reproduce here all the coefficients of the tachyon condensate up to level 18. We give some sample results in Table 4 . Our complete numerical data will be made available at [40] .
In this section we perform some consistency checks of the level-truncation results, verifying some exact properties that the tachyon condensate must obey.
SU(1,1) invariance
We have systematically checked that our solutions for the tachyon condensate can be written in the basis (2.13), and thus obey the full SU(1,1) invariance. This property holds with perfect accuracy (that is, with the same precision as the number of significant digits that we keep, which is 15 for double-precision variables in C++). This is nice, but not surprising, since the SU(1,1) generators commute with L 0 , and thus SU(1,1) is an exact symmetry of the level-truncated theory. 
Out-of-Siegel Equations
We now turn to the crucial check of the extra conditions imposed by the full equations of motion before gauge-fixing. We were able to carry out this computation up to L = 14. Table 5 shows some sample results for the string field (2.18) evaluated for Ψ = T Siegel . The extra constraints are satisfied already very well at L = 6, and significantly better at L = 14 10 . This is happening thanks to large cancellations between the two terms in (2.18) 11 , as can be easily checked by applying the operator Q to the results in Table 4 . Even more remarkable are the extrapolations of the data to L = ∞, which give values two or three orders of magnitude smaller than the L = 14 results! Our extrapolation method consists in interpolating the data with a polynomial in 1/L of maximum degree (that is, with as many parameters as the number of data points). For example, for the mode c −4 c 1 |0 we have six data points (L = 4, 6, 8, 10, 12, 14) and we use a polynomial in 1/L of degree five. Empirically, this method gives better results (L = ∞ extrapolations closer to zero) than making fits with polynomials in 1/L of lower degree.
This analysis leaves little doubt that the full equations of motion are satisfied as L → ∞. 10 This behavior is common to the higher level modes not reproduced in Table 5 .
11 At L = 14, each term in (2.18) is typically one or two orders of magnitude bigger than their sum. 
Exact Quadratic Identities
As pointed out by Schnabl [38] , any solution of the OSFT eom's must obey certain exact quadratic identities that follow from the existence of anomalous derivations of the star product. An infinite set of identities is obtained from the anomalous derivations
where Ψ is a solution in Siegel gauge.
In Table 6 we show the level-truncation results for the ratios
which are of course predicted to be exactly one. The quadratic identities are satisfied quite well already at low levels, and the extrapolations to L = ∞ (performed again with polynomials in 1/L of maximum degree) give really good results.
Both the quadratic identities just analyzed and the out-of-gauge eom's (2.18) are exact constraints on the solution that are broken by level-truncation. We have found that the leveltruncated answers for this class of observables are very accurately converging to their known exact values as L → ∞. This is strong evidence for the idea that level-truncation is a convergent approximation scheme. We have also learnt that maximal polynomials in 1/L give very precise extrapolations. It seems safe to assume that this should be a universal feature, and in the following we shall adopt the same extrapolation technique to quantities whose exact asymptotic value is a priori unknown 12 .
Extrapolations to Higher Levels
Encouraged by the successful extrapolations to L = ∞ described in the previous section, and inspired by Taylor's analysis [39] , we have set up a systematic scheme to extrapolate to higher levels the results for the vacuum energy and for the tachyon condensate string field. In this section we focus on the results for the vacuum energy, while in the next we shall examine the results for the individual coefficients of the tachyon condensate.
Unless explicitly stated otherwise, the use of the (L, 3L) scheme is implied in the rest of the paper. We justify this choice in section 4.3, where we briefly contrast (L, 2L) versus (L, 3L) results.
Extrapolations of the Tachyon Effective Action
The basic idea of our method has already been explained in the introduction. The first step is the computation of the tachyon effective action V L (T ), obtained by integrating out the higher modes up to level L. Some details of how this is done numerically are explained in appendix A. For our extrapolations, we focus on a interval for the tachyon vev around the non-perturbative vacuum. We take 0.54
, where M is an even integer ≤ 16, is the extrapolation 'of order M ' of the tachyon effective action at level L, and is constructed as follows. We fix the dependence on L by writing
for some coefficients functions a n (T ). The functions a n (T ) are determined by imposing the conditions
In other terms, we interpolate the M/2 + 1 values {V L (T )|L = 0, 2, . . . M } with a polynomial in 1/(L + 1) that passes through all the data points 13 .
Our best estimate for the tachyon effective action at level L is the function V for the tachyon vev and vacuum energy at level L. We can follow very clearly the behavior of the minima as L increases. The 13 The rationale for using polynomials in 1/(L + 1) rather than 1/L is that we wish to include also the data for L = 0. This works somewhat better than excluding the L = 0 point and making extrapolations in 1/L. Committed readers can find more about this technicality in footnote 14. It is interesting to consider how the extrapolations change as we vary M . Table 7 shows the estimates E To follow the curves from L = 10 to L = ∞, focus on the position of the minima: as L increases, the dot moves from right to left (i.e., the tachyon vev decreases). As L → ∞, the curves crowd towards an asymptotic function with minimum at (T It is remarkable that extrapolations to higher levels work so well. The data have a smooth and predictable dependence on L, which is very well captured by polynomials in 1/L. This property was not a priori obvious, and indeed it appears to be true only for (L, 3L) data, as we shall see in section 4.3.
Comparison with Straightforward Extrapolations
The method just described appears to work remarkably well. To which extent does the success of the method depend on the sophisticated idea of extrapolating the functional form of the tachyon these schemes are very minor, even for a wide range of reasonable values of a (say 0.1 < a < 3). For M < 10, including the L = 0 data (and using 1/(L + a)) works somewhat better than excluding it (and using 1/L). For example the prediction E Table 8 , while in Table 9 we give the extrapolations to L = ∞. We see that for M < 10, the more sophisticated method gives much more accurate predictions (compare Table 7 and Table 8: for example E (8) 18 , E (8) 18 and the exact value E (18) 18 ). However for M > 10 there is no significant difference between the two procedures 15 . We also compared the results for the individual coefficients of the tachyon string field obtained with the two procedures, and found a very similar pattern. 15 A comparison with the results of [39] , which in our language correspond to M = 10, shows that the accuracy of the perturbative method of [39] seems comparable with the accuracy of the straightforward extrapolation. For M = 10 our non-perturbative method based on the tachyon effective action appears to be more accurate. We conclude that with the sophisticated procedure one can achieve remarkable accuracy even for small M , where a naive extrapolation would work quite poorly. However if one is willing to perform level-truncation up to level 12 or above, the simpler extrapolation procedure is equally effective.
(L, 3L) versus (L, 2L)
All the extrapolations described so far are for results in the (L, 3L) scheme. We have investigated the data in the (L, 2L) scheme and concluded that their behavior as a function of L is not nearly as smooth: as a consequence, extrapolations to higher levels are less reliable. A glance at Table  9 and Figure 5 is sufficient to illustrate our point. We are comparing the 'straightforward' extrapolations of the vacuum energy to L = ∞, for various M 's, obtained with data in the (L, 3L) scheme, with the analogous quantities in the (L, 2L) scheme. While the (L, 3L) data have a really smooth dependence on M and converge nicely to -1, the (L, 2L) data have a much more irregular behavior. A similar pattern is observed for extrapolations at finite
of exact results at level L ≤ 18 are not nearly as accurate in the (L, 2L) scheme as they are in the (L, 3L) scheme. An analogous behavior is found in comparing (L, 3L) and (L, 2L) data for the tachyon vev. We have also repeated for (L, 2L) data the full analysis based on extrapolations of the tachyon effective action, and found no improvement with respect to the straightforward extrapolations shown in Table 9 . It would be interesting to explain these findings from an analytic point of view. The (L, 3L) scheme can be understood as a cut-off procedure in which only the kinetic term of the OSFT action is changed, such to give an infinite mass to modes with level higher than L. On the other hand, in the (L, 2L) scheme both the kinetic and the cubic term of the action are changed. This may explain why (L, 3L) data have a simpler dependence on L.
Patterns of the Siegel Gauge Tachyon Condensate
The individual coefficients of the tachyon condensate can also be extrapolated to higher levels. The more sophisticated method that we use is the following: We solve the classical equations of motion at level L and express all higher modes Ψ L as functions of the tachyon vev T (see (A.12)). We then perform an extrapolation of these functions of T using a polynomial in 1/L Tables 14 and 15 (appendix B) contain the extrapolations to L ≤ 18 of the first two higher modes. In Table 13 we give the M = 16 results for the extrapolations to L = ∞ obtained using this method 16 .
We are finally in the position to look for analytic patterns in the tachyon condensate, in particular checking in a more reliable way the patterns observed in [37] . This was one of the motivations of our work. 
The Tachyon Vev

Universal Ghost Coefficients
The most accurate pattern discovered in [37] is the remarkable universality of certain ghost coefficients. If one normalizes the tachyon mode to one, then the coefficients r n,m of the modes c −n b −m c 1 |0 (with n and m odd) appear to be the same for all known OSFT solutions. Assuming that this is the case, an analytic prediction for these coefficients is possible by looking at infinitesimal OSFT solutions corresponding to exactly marginal deformations of the BCFT.
We reproduce our results for these coefficients for the tachyon condensate in Table 10 and in  Table 16 (this latter table is in appendix B). There is certainly a striking pattern. In particular, the results of Table 16 show that the pattern persists in the higher-level modes that were not explored in [37] . However the value for r 1,1 is puzzling. This result has not improved with respect to the L = 12 data already available in [37] 18 , and the 2% difference from the conjectured value would seem like a real one 19 .
18 In [37] we performed an extrapolation of the data up to L = 12 using a fit a + b/L, and found r1,1 = 0.411545. If one instead applies to the data up to L = 12 an extrapolation with a maximal polynomial in 1/L (as advocated in this paper), one finds r1,1 = 0.415947. Changing extrapolation scheme or adding more levels does not seem to help in getting closer to the conjectured answer.
19 Some of the higher-level coefficients (Table 16 ) also have errors of a few percents, but this need not be a Although we hesitate to assign a precise error to our extrapolations to L = ∞, it seems that this error should be smaller than than 2%. Indeed all the properties that we know for sure to be exact (the quadratic identities, the out-of-Siegel equations and of course the value of the vacuum energy), are obeyed with an accuracy of order 10 −5 in the M = 16 extrapolations 20 .
In [37] it was observed that the string field L 0 T Siegel is approximately factored into a matter times a ghost component. In view of our more precise data, we definitely conclude that this is just a rough pattern, as already believed in [37] . Indeed the pattern is seen to get worse in the L = ∞ extrapolations. Let us give a couple of examples. Assuming factorization, the normalized coefficient of L m −2 c −1 |0 can be obtained by multiplying the two normalized coefficients of L m −2 |0
problem, since at higher levels we expect larger errors. 20 While the energy is stationary and so it is affected quadratically by a small change in the coefficients, Schnabl's identities and the out-of-Siegel equations vary linearly. It would take some conspiracy for the vev of of c−1|0 to have a 2% error, and at the same time the corresponding out-of-Siegel equation be so well obeyed (see the first line in Table 5 , which is linearly influenced by a small variation of this coefficient). Table 11 : The left column shows the normalized matter coefficients of the tachyon condensate string field for L = ∞ (from Table 13 ). The right columns shows the corresponding coefficients for the ghost number zero string field, obtained from an extrapolation to L = ∞ of data up to L = 14, with a maximal polynomial in 1/L. and c −1 |0 . In [37] , using the numerical values at level (10, 30) , this procedure gave a prediction with a 4% error; with the L = ∞ data in Table 13 , the error is increased to 8%. Similarly, applying the same procedure to L m −4 c −1 |0 , one finds only a 0.1% error at level (10, 30) , but a 1% error using the values in Table 13 .
Correspondence with Ghost Number Zero
The last pattern noticed in [37] is a surprising coincidence between the OSFT equation and the equation
where Φ is a ghost number zero field. This equation can be solved in the universal space spanned by total Virasoro's L −n acting on the vacuum. It was found that the coefficients of the terms
in the solution of (5.5) are strikingly close to the normalized coefficients of the matter modes L m
However the pattern is somewhat irregular and does not appear to systematically improve with level. This is confirmed by our more precise data, a sample of which is presented in Table 11 . There is no clear improvement with respect to the data in [37] , and we confirm the conclusion that this is likely only a 'quasi-pattern'.
All in all, the patterns of [37] are still present in our more precise data, and one cannot help the feeling that they hint at some analytic clue. However we seem to conclude that all these patterns are not exact properties, with the possible exception of the universality conjecture for certain ghost coefficients. This last conjecture is generally well obeyed, but we found a disturbing discrepancy for the c −1 |0 mode.
Concluding Remarks
Our results support the idea that level-truncation is a completely reliable approximation scheme for OSFT, with a convergent limit as the level is sent to infinity. All available exact predictions (notably the value of the vacuum energy) are accurately confirmed by the data. No inconsistencies seem to arise from the fact that gauge-invariance is broken at finite level, indeed we found strong evidence that it is smoothly restored as L → ∞. Quantities computed in level-truncation exhibit a predictable dependence on level which is very well approximated by polynomials in 1/L (at least for the (L, 3L) scheme). This allows reliable extrapolations to higher levels. Combining this observation with efficient computer algorithms based on conservation laws [4] , we have developed very powerful numerical tools to study OSFT.
In this paper we have focused on the universal subspace and obtained accurate data for the tachyon condensate. An obvious direction for further research is to use our results to learn about the kinetic term around the tachyon vacuum. The nature of this kinetic term is still rather mysterious. No perturbative open string states are expected to be present, and numerical evidence for this has already been obtained [31] . Our data will allow a more precise analysis, and hopefully give new analytic clues.
The most intriguing aspects of the non-perturbative vacuum are related to the elusive closed string states. In OSFT, amplitudes for external closed strings (on a surface with a least one boundary) are given by correlation functions of certain gauge-invariant open string functionals [45, 46, 47, 11] . It would be very interesting to compute such amplitudes in the non-perturbative vacuum. This should shed some light on the mechanism by which open string moduli are frozen in the tachyon vacuum, but closed string moduli are still present. There are promising ideas for how this may come about [11, 48, 49] , but the actual mechanism realized in OSFT is still unknown.
Another avenue for future work is the application of our methods to more general classical solutions. It will be straightforward to extend our algorithms to include the matter states necessary to construct non-universal solutions, e.g. tachyon lump solutions [23] and Wilson line solutions [25] . It would also be very nice to investigate numerically time-dependent solutions, and demonstrate the existence of tachyon matter [50] in OSFT. The study of several classical solutions will help to build the intuition that is needed for analytic progress.
We hope that the precise data presented in this paper will encourage other physicists to think about analytic approaches to OSFT. Our analysis of the 'patterns' of the tachyon condensate throws some doubt even on the most robust conjecture proposed in [37] , although it does not rule it out completely. The search for analytic clues in OSFT solutions is still very open. Yet we feel that our numbers for the tachyon string field must possess some hidden beauty, to be unveiled when an exact solution is found.
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A The Numerical Algorithms
In this appendix we explain some technical details about the algorithms that we have used to compute the universal star products and find the tachyon solution in level truncation.
A.1 Star Products from Conservation Laws
The strategy for evaluating star products using conservation laws is explained in detail in [4] . Each Fock state in H (1) univ can be represented as a string of negatively moded ghost or Virasoro generators acting on the zero-momentum tachyon c 1 |0 . The triple product of three such states is evaluated recursively by converting a negatively moded generator on one state space to a sum of positively moded generators acting on all three state spaces,
where A −k is any constructor symbol and the coefficients appearing in this 'conservation law' are computed from the geometry of the Witten vertex [4] . All triple products in H (1) univ are thus reduced to the coupling c 1 , c 1 , c 1 of three tachyons.
Once the triple products are known, star products are easily obtained by inverting the nondegenerate bpz inner product. If {Ψ i } is a Fock basis for H (1) univ , we define the dual basis {Ψ i } of H (2) univ by the bpz pairing
We automated this algorithm on a C++ computer code. We briefly highlight some features of our implementation:
• We use the factorization of the star product into matter and ghost sectors. The algorithm to find the triple products is executed separately in the two subsectors.
• We use cyclic and twist symmetry of the vertex to reduce the computation to triple products Ψ i , Ψ j , Ψ k with a canonical ordering i ≤ j ≤ k.
• While in the matter sector the algorithm can be implemented in a straightforward way, in the ghost sector we need to face a slight complication. We are ultimately interested in triple products of ghost number one states, but the use of fermionic ghost conservation laws necessarily brings us outside the ghost number one subspace. We found it most efficient to use only conservation laws for the b −k oscillators. A single application of a b-ghost conservation law reduces the evaluation of a 1, 1, 1 product (ghost number one in all three slots) to a sum of terms of the form 1, 1, 1 and 0, 1, 2 . Products of this latter type can be treated by applying a b-conservation law to the first state (of ghost number zero), obtaining a sum of terms 1, 1, 1 and again (after cyclic rearrangement) 0, 1, 2 . It is easy to show that this algorithm always terminates on the product of three tachyons.
So we see that we only need to consider triple products of the form 0, 1, 2 besides the standard products 1, 1, 1 .
• After each application of a conservation law, the resulting triple products on the r.h.s of (A.1) are processed using the Virasoro algebra or the ghost commutation relations, till all states are reduced to the Fock basis (2.6) with the canonical ordering
, with n 1 ≥ n 2 · · · ≥ n i (and similarly for the ghosts) is thus a basic elementary operation.
There is a critical gain in efficiency in evaluating beforehand all such expressions (up to the desired maximum level) and reading the results from a file, rather then re-computing them each time. The size of such a file grows only linearly with the number of modes, whereas the table of triple products grows cubically, so this strategy is not problematic from the point of view of memory occupation.
This algorithm can be easily extended to evaluate more general star products of string fields belonging to a larger space than H univ , for example the space relevant for tachyon lump solutions [23] or Wilson line solutions [25] . One needs to enlarge the algebra of matter operators and consider the appropriate conservation laws.
A.2 Solving the Equations of Motion
Once all triple products at level L have been computed, the evaluation of the star product of two Siegel gauge string fields at level L involves O(N 3 L ) algebraic operations. It is clearly desirable to have an algorithm to solve the classical eom's that requires as few star products as possible. We tried various options, which can all be represented as a recursive procedure Ψ (n+1) = F (Ψ (n) ), where Ψ = F (Ψ) implies that Ψ is a solution.
The most obvious idea is to invert the kinetic term in Siegel gauge and define
Clearly this iteration cannot converge since F (λΨ) = λ 2 F (Ψ). There is a simple way to fix this problem, defining
where T [Φ] indicates the coefficient of c 1 |0 in the string field Φ. Unfortunately the algorithm based on the recursion F still fails to converge, and generically falls into stable two-cycles. An improved recursion is
where α is a real number which is chosen randomly in some reasonable interval (say 0.2 < α < 0.8) at each iteration step. This randomization breaks the cycles and the algorithm converges to a unique solution in about 20-30 steps. (The algorithm stops when the eom's are satisfied with the same accuracy as the accuracy of double-precision variables in C++, which have 15 significant digits). This algorithm is very robust with respect to the choice of the starting point Ψ 0 , in fact at any given level L we found only one non-trivial solution.
A more efficient approach is the standard Newton algorithm. Recall that given a system of N algebraic equations in N variables, f i [x α ] = 0, 1 ≤ i, α ≤ N , the Newton recursion is
where the matrix M iα [x] is defined as
In our case, the truncated Siegel equations of motion are a system of N L algebraic equations in N L variables (Table 3 ) and this method can be directly applied. It is interesting to write the Newton algorithm as a recursion for the Siegel string field itself. One finds the compact expression
Here the operator Q Ψ is defined by
for any ghost number one string field Φ. The inverse operator Q −1 Ψ is naturally defined by projecting onto the Siegel subspace. In other terms, for any ghost number two string field Σ, we look for the ghost number one string field Q −1 Ψ Σ that obeys
The operator Q Ψ has a natural physical interpretation: If Ψ is a solution of the OSFT eom's, then Q Ψ is the new BRST operator obtained expanding the OSFT action around Ψ. Thus as we approach the fixed point of the Newton recursion, Q Ψ (n) becomes a better and better approximation to the BRST operator around the tachyon vacuum.
In level-truncation, the action of the operator Q Ψ in the Siegel subspace is represented by an N L × N L matrix. Since there is an order O(N 3 L ) algorithm to invert a matrix, the Newton recursion is not significantly more time-expensive than the evaluation of a single star product. The Newton algorithm is very fast, effectively squaring the accuracy at each step, and the solution is reached in four or five iterations. On our pc, the complete algorithm (computing the vertices from scratch and finding the tachyon solution) takes less than 10 seconds at level (10, 20) , and less than a minute at level (12,36)! There is however a rather critical dependence on the initial conditions: one finds convergence only from a starting point sufficiently close to the solution (it is enough to take e.g. Ψ (0) = 0.5 c 1 |0 ).
We compared the solution obtained with the Newton method with the solution found with the alternative algorithm described above, finding exact agreement up to level 16. (At level 18 the recursion (A.6) runs too slowly on our pc). This gives a strong check on the correctness of the solutions. As another check, we compared our results at level (10, 20) with the results of Moeller and Taylor [20] 21 , finding agreement to the tenth significant digit.
A.3 Tachyon Effective Action
To compute the tachyon effective action, we write the string field as
where Ψ L contains all the modes up to level L, except c 1 |0 . For a given numerical value of of the variable T , we solve the classical OSFT equations of motion for all the higher modes, using the Newton method. This gives
into the OSFT action 22 we obtain the effective tachyon potential V L (T ). ∼ 0.7 (notice that both the tachyon vacuum and the perturbative vacuum are safely inside the convergence region). The failure of the numerical algorithm can be explicitly traced to the existence of other branches in the tachyon effective action. This phenomenon has been studied in [20, 35] , where it has also been related to the non-perturbative failure of the Siegel gauge condition. In this paper we only need V L (T ) in an interval around the non-perturbative vacuum, which we take to be 0.54 ≤ T ≤ 0.55. We postpone a more detailed investigation of the global behavior of the tachyon potential. Table 15 : Estimates for the vev of L m −2 c 1 |0 , obtained from extrapolations of the effective tachyon potential, at various 'orders' M and for L ≤ 18. Data in the (L, 3L) scheme. By definition, the diagonal entries coincide with the exact computation from direct level-truncation at level (L, 3L) (Table 4) . -0.00363327 -0.00362626 -0.003629 Table 16 : (L, 3L) numerical results for the pattern coefficients r n,m for the tachyon condensate.
